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Space—Time Duality and the Theory of
Temporal Imaging

Brian H. Kolner, IEEE Member

Abstract—There exists a beautiful duality between the equa-
tions that describe the paraxial diffraction of beams confined in
space and the dispersion of narrow-band pulses in dielectrics.
We will see that this duality leads naturally to the conclusion
that a quadratic phase modulation in time is the analog of a
thin lens in space. Therefore, by a suitable combination of
dispersion and quadratic phase modulation (now a “time lens™),
we can synthesize the time-domain analog of an imaging system.
Such a temporal-imaging system can magnify time waveforms in
the same manner as conventional spatial-imaging systems mag-
nify scenes. We analyze this space-time duality and derive
expressions for the focal length and f-number of a time lens. In
addition, the principles of temporal imaging are developed and
we derive time-domain analogs for the imaging condition, mag-
nification ratio, and impulse response of a temporal-imaging
system.

I. INTRODUCTION

T IS quite satisfying when the equations that describe

two apparently disparate physical phenomena can be
cast in nearly identical form so as to shed new light and
understanding on each. Such has been the case with the
problems of paraxial diffraction [1]} and narrow-band dis-
persion. New understanding (or at least points of view)
and even inventions have arisen in the last several decades
owing to this fortunate situation. However, in spite of the
relative simplicity with which this duality can be arranged,
there seems to be a somewhat fragmented treatment of it
in the literature (journals and textbooks alike). This paper
represents an attempt to fill this void by systematically
developing the foundations of the space-time duality be-
tween the two problems and deriving the relationships
that govern them. As we will see, both problems can be
cast in terms of complex parabolic differential equations.
In the broadest sense, these are diffusion equations, but
the presence of an imaginary coefficient allows for propa-
gation of the envelope functions.

The space—time duality can also be extended to lenses.
The application of a quadratic phase modulation to a time
waveform is analogous to the action of a thin lens on the
transverse profile of a beam. For this so-called “time lens”
we can define equivalent expressions for focal length and
f-number. By combining a time lens with suitable disper-
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sion both before and after the lens, we can create the
time-domain analog of an imaging system. A temporal-
imaging system based on these principles will allow one to
expand or compress (magnify—demagnify) time waveforms
while maintaining the overall shape of the envelope. As
one would expect, there will emerge from this analysis
expressions governing the system magnification and condi-
tion for imaging (the time dual of the lens law). In
addition, there are limitations to the resolution of a
temporal-imaging system. We will see that this arises
because of the finite aperture time of any real time lens.
Taking advantage of the linearity of the imaging process,
this effect is analyzed by deriving the impulse response of
a temporal-imaging system. Finally, in spite of the exciting
possibilities, space does not permit a full discussion of
applications of temporal imaging. Many can be found in
the references cited and the rest we leave to the imagina-
tion of the reader.

There were two important trends in the optical commu-
nity that led to the current view of temporal imaging. The
first was the vigorous development of pulse-compression
techniques based largely on the principles of chirp radar
[2]. The key elements of this technology are mechanisms
for the chirping and spectral broadening of waveforms
combined with group delay dispersion for subsequent
compression. In the early days, attention was focused on
spectral broadening using electrooptic modulators in con-
junction with dispersive delay lines in the form of reso-
nant atomic vapors [3]-[6]. We call this “active pulse
compression” since it relies on supplying power to the
chirping mechanism. With the invention of the diffraction
grating-pair dispersive delay line [7] in combination with
spectral broadening (chirping) by self-phase modulation in
optical fibers [8], passive pulse compression became one
of the key links in the race to the world’s shortest optical
pulse [9]. However, in recent years, there has been re-
newed interest in using electrooptic modulators for chirp-
ing optical waveforms and several groups have used them
for waveform manipulation [10], [11] and active pulse
compression [12], [13].

The other important trend was the observation of a
mathematical duality between the equations of paraxial
(Fresnel) diffraction and narrow-band dispersion. This
was pointed out by Akhmanov er al. in a general treat-
ment of second- and third-order nonlinear optical interac-
tions [14], [15]. The extension of this duality to include
lenses, and hence, imaging was discussed from a systems
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point of view by Papoulis [16]. Similar ideas have also
been discussed by Telegin and Chirkin [17] and Akhmanov
[18], who all described the mathematical possibilities of
temporal imaging and discussed some of its potential
features such as time reversal and time-scale alteration.
Later, Kolner and Nazarathy [19] described a complete
imaging configuration with design guidelines based on
equivalent expressions for focal length, f-number, and
magnification, and suggested several applications for tem-
poral imaging.

As a matter of historical record, the need for more-
advanced radar signal processing led to an innovation that
apparently predates all of the similar work done in optics
and was the first demonstration of temporal imaging,
conducted in a purely electrical system [20]. Developed by
Caputi, who coined the name “Stretch,” it is a technique
for altering the time scale of electrical waveforms by using
the same principles as chirp radar, but organized in a way
that exactly parallels conventional imaging. The fact that
it has gone largely unnoticed by the optical community is
perhaps because the author did not cast the theory in the
framework of its spatial counterpart. As we will see in the
following sections, the spatial analog provides a powerful
and intuitive way of understanding time-scale transforma-
tion.

I1. OVERVIEW

The foundation of temporal imaging lies in the duality
between the problems of paraxial diffraction and narrow-
band dispersion and is constructed by two straightforward
approximations to the wave equation. Schematically, we
can organize the approach as shown in Fig. 1. The wave
equation for the electric or magnetic field is constructed
from Maxwell’s equations in the usual way. The most
general solution to the wave equation yields a description
of the space—time evolution of an arbitrarily shaped wave
function and is quite difficult to obtain. We are therefore
left with the task of making approximations that will
render the wave equation exactly solvable. In general, we
choose to concentrate on either the spatial or temporal
evolution of the wave function.

In studying the spatial problem we first assume that the
frequency spectrum of the wave is monochromatic. Thus,
there is only harmonic time variation and time derivatives
in the wave equation become multiplicative constants
(d/3t = iw). In addition, we allow variation in the trans-
verse spatial structure to the extent that wave propagation
is mostly in one direction and initially bounded in the
vicinity of the axis along which it propagates. This is the
so-called paraxial approximation and results in a parabolic
partial differential equation for the evolution of the trans-
verse profile of the wave or “beam.” For a z-directed
beam, the total electric field will therefore take the form

E(x,y,z,1) = E(x, y, z)e’ (@~ kw)2) )
where E(x,y, z) is a slowly varying envelope function for
the transverse beam profile.
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Fig. 1. The derivation of the paraxial diffraction and narrow-band

dispersion problems through complementary approximations to the wave
equation. Resulting parabolic differential equations can be viewed as
complex diffusion equations.

The temporal problem is approached in a similar fash-
ion, but now we invoke a complementary set of approxi-
mations. Since we are interested in describing the evolu-
tion of pulses, or modulated waves in general, we may no
longer assume a monochromatic field. However, if we
limit the temporal-frequency spectrum to a suitable range,
then the propagation of any spectral component within
the wave can be accounted for by a Taylor-series expan-
sion of the propagation constant B(w) to second order in
. We may also ignore the spatial profile of the wave and
approximate it as an infinite plane wave. These two ap-
proximations simplify the wave equation and result in a
parabolic differential equation for the space—time evolu-
tion of the pulse envelope or “wave packet.” The total
electric field for this problem can then be represented as

E(x,y,z,1) = A(z,t)e -t~ Bl 2)
where A(z,t) is a slowly varying envelope function that
describes a wave packet propagating in the z-direction.

It is interesting to note from the foregoing discussion
that a duality exists between the complementary approxi-
mations leading to the two problems. This is highlighted
in Fig. 2, where we consider the spatial- and temporal-
frequency spectra appropriate to each problem. For
paraxial diffraction the assumption of monochromaticity
leads to a delta function in the temporal-frequency spec-
trum at the carrier frequency w = w,. The paraxial nature
of the spatial profile implies a narrow band of spatial
frequencies centered about k, =k, = 0 for a z-directed
beam [Fig. 2(a)].

For the dispersion problem, the temporal structure
(e.g., pulses) yields a finite, yet narrow band of temporal
frequencies. The assumption that the wave is an infinite
plane wave demands that there be a spatial form of
monochromaticity; that is, the spatial frequency spectrum
will be a delta function at &, = k,=0 [Fig. 2(b)].
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Fig. 2. Duality between the approximations used to derive (a) the
paraxial diffraction and (b) narrow-band dispersion problems.

II1. PARAXIAL DIFFRACTION

To derive the equation governing paraxial diffraction,
we start with Maxwell’s equations and apply the standard
techniques of vector calculus to arrive at the wave equa-
tion for the electric field

I*E

V2E = pe
B3

3

where, without loss of generality, we take the field to be a
scalar function of position. To study the paraxial diffrac-
tion problem, we first make the simplifying assumption
that the wave is monochromatic

&(x,y,z,0) =E(x,y,2)(0 — 0,) )
so that the wave equation is reduced to the Helmholtz
equation

(V2+Kk2E, =0 6)

where

2
k? = pew? = (—) . 6)

Now, we want to study this equation for paraxial rays,
i.e., rays confined mostly along the z-axis. Thus, the most
rapid phase variation will occur along the z-axis and we
can explicitly identify this dependence by writing

E,(x,y,2z) = E(x,y, z)e™* @)
where E(x,y, z) is an envelope function that varies slowly
compared to the wavenumber k.

Using the above form for E, in the Helmholtz equation
results in the reduced wave equation

dE  9°E JE
- + -5 — 2ik— = 0.
ay dz 9z

JI’E

ax? *

8)
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Next, we invoke the paraxial approximation

J°E
dx?
3’E I2E
7| <{l— ()]
Jz (7y
JF
2k—|.
0z

In physical terms, this approximation says that the curva-
ture of the field envelope in the direction of propagation
(owing to diffractive spreading) is much less than the
curvature of the transverse profile. The result is the
“paraxial wave equation”

3*E  JI’E JE
W+&—y2—2ik—&—z=0 (10)
which can also be written in more compact form as
Ly an
9z 2k !
where V? is the transverse Laplacian operator, or
E, = - i(Exx +E,) (12)

where the subscripts on the field amplitudes imply partial
differentiation with respect to that coordinate.

Equations (10)-(12) govern the evolution of the
electric-field envelope as the beam propagates down the
z-axis. This equation is of parabolic form, similar to the
heat diffusion equation, but with an imaginary coefficient.
In the next section, we will see that a similar equation
governs the dispersion problem as well. By applying the
known solutions of the diffusion problem to the wave
problems, we can immediately arrive at the behavior of
diffraction and dispersion which, not surprisingly, will
exhibit spreading like a temperature distribution, but for
different reasons.

IV. NARROW-BAND DISPERSION

Next, we wish to construct a differential equation that
describes the evolution of the electric-field envelope
A(z,t) of a narrow-band z-directed plane wave propagat-
ing in a medium with propagation constant B(w) [viz. (2)}
Haus [21] has shown that this is possibie by first finding a
differential equation for an arbitrary spectral component
#(z, w — w,) and then superposing all components of the
spectrum #(z, ). Assuming that the bandwidth of
&z, ) is small and centered around w,, we can expand
B(w) to second order in w and the equation for #(z, @ —
w,) can be shown to be

dp

A (z, 0 — w,)
—_— = —i[(w - w,)— +
dw

9z

(0 —w,) d8
2 dw?

Az, 0 — w,). (13)
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Inverse Fourier transformation then leads to the desired
equation for A(z,t)

o 19 i dB 3°A(z,1)

RNV EY)

2 dw? at? a4

0z Ug at

where v, = (dw/dB). (An interesting alternative deriva-
tion of (814) is given by Siegman [22]). This equation can
be further simplified by introducing a change of variables
to a traveling-wave coordinate system:

z—z,
r=(t—t,,)—( )
U

4

15

where ¢, and z, are arbitrary references. Then, (14) takes
on the more useful form

E=z-z,

dACE, 1) i d’B ¢%4(&,7)
o9& T 2de? ar?

(16)

which we recognize as being similar to the paraxial wave
equation. This traveling-wave form is particularly conve-
nient because the solution gives the pulse evolution
“centered” on the envelope (7 = 0) moving at the group
velocity v, using the propagation distance ¢ as a parame-
ter.

V. THE DrrrusioN EQUATION

We have seen how the complementary approximations
to the wave equation yield new equations for the envelope
functions of paraxial diffraction and narrow-band disper-
sion. We transformed what was initially a hyperbolic
equation into one of a pair of parabolic equations that we
would normally associate with diffusion. However, these
new equations have imaginary coefficients, and therefore,
are wave equations for linear dispersive waves [23] (also
called Schridinger equations). The imaginary coefficients
introduce a new richness into classical diffusion. They
allow, for example, the possibility for the envelope func-
tion to propagate. At the same time, the strong similari-
ties to diffusion invite a closer look at the relationship
between the two systems. Thus, we digress briefly to
examine the nature of the diffusion equation, its solution,
and the implications for “complex diffusion equations.”

The general form of the two-dimensional diffusion
equation in a source-free region can be written

an

where ¢ is a constant known as the diffusivity of the
medium. For the problem of heat diffusion, this constant
is

u, = cViu

K

c=— 18
Cr (18)
where « is the thermal conductivity, C is the specific heat,
and p is the density. There is a simple physical interpreta-
tion to the diffusion equation (17). It says that the rate of
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change of the temperature u(r,¢) at a point r is propor-
tional to the product of the diffusivity ¢ and the local
“curvature” of the temperature distribution. That is, the
more tightly confined the thermal energy, the more rapidly
it diffuses into adjacent regions. We know this to be true
also for the case of diffraction. The more tightly confined
a beam is with respect to a wavelength, the more rapidly
the beam diffracts as it propagates. The same applies to
the dispersion equation. The shorter the pulse envelope,
and hence the local curvature, the faster it spreads out.

To examine what is behind this common behavior, we
first list the three equations in simplified form:

u,=cu,, heat diffusion
i . .
E,= - ﬁE"" paraxial diffraction
i dB o
A= ——=A,,. narrow-band dispersion (19)
¢ 2de?

Here we have written only the one-dimensional form of
the heat and diffraction equations to emphasize the simi-
larity to dispersion. All three problems are governed by
the same parabolic differential equation and therefore
must have solutions of identical form. Using heat diffu-
sion as a model, it can be shown that the general solution
to the one-dimensional diffusion equation is [24]

1 = L
u(x,t) = —— [ F(k,,00e " et dk,  (20)
27J _»

where F(k,,0) is the spatial Fourier spectrum of the
initial distribution #(x,0) and k, is the Fourier-domain
variable with units of meter™!. The analysis is readily
extended to the case of two dimensions with the result

1 oo
ulx,y,t) = Q_#?f[_wF(k"ky’O)

etk IHED ik, x+ Ky y) dk, dk,. D

The solution, in this form as an integral equation, also
has a simple physical interpretation. The initial spectrum
F(k,,k,,0) is modified by an exponential filter function
exp[—c(k? + k2)t]. When the coefficient ¢ is real, the
filter is of Gaussian low-pass form with a bandwidth that
decreases with time [Fig. 3(a)l. The reduction in band-
width necessarily results in a broadening or smoothing out
of the temperature distribution, a fact confirmed by expe-
rience.

To apply this result to the two wave equations, we
simply exchange the independent variables and diffusivity
terms. For two-dimensional diffraction we let

t—z

(22)
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Fig. 3. Frequency-domain filter functions for parabolic differential
equations. (a) For heat diffusion, filter is of Gaussian low-pass form with
bandwidth decreasing with time. (b) For diffraction or dispersion, spec-
trum is multiplied by a quadratic phase function with phase slope that
increases with time (the temporal nature of this change is not shown).

to obtain
1 o
E(x,y, z) = m//_mg(kx,ky,())

.ei(kf+kf)z/2kei(kxx+kyy) dk, dky 23)
where again &(k,,k,,0) is the initial Fourier spectrum.
For the dispersion problem, we similarly let

t— ¢
i dB

_)Ednv)2

c (24)

and find

1 = EdB
Ag, ) = o= [ 0, w)e 237 e dw. (25)
277' —0

So, the solutions to the wave-propagation problems are
found by multiplying the initial spectra by a phase term
quadratic in frequency and linear in the propagation
variable. The effect is to introduce a spiral or “corkscrew”
into the complex Fourier spectrum [Fig. 3(b)]. Fig. 4
depicts this effect on an initially Gaussian amplitude
spectrum as it propagates. Note how the phase winds
symmetrically from the middle of the spectrum as the
beam advances. A straightforward Fourier transformation
of the spectrum shows that the corresponding real-space
picture is one of a beam expanding laterally and acquiring
a spatial “chirp.” This is also the picture that one obtains
by taking a planar slice through a spherical wavefront and
measuring the electric field in the plane.

The quadratic phase term can also be viewed as produc-
ing a filtering effect consistent with a stationary-phase

1955

Re

z=0

(@)

Fig. 4. Complex spatial-frequency spectrum of a Gaussian beam under-
going diffraction. (a) Initial spectrum. (b) Spectrum after propagating a
distance z = z,. (¢) Spectrum after propagating a distance z = 2z,.

point of view. As the beam propagates, the increase in
rapid phase oscillations in the higher frequencies will tend
to wash out their contribution upon superposition in the
Fourier integral. This will necessarily lead to a spreading
out of the real-space field envelope. It is important to
realize that dispersion and diffraction do not alter the
magnitude of the Fourier spectra (they are, after all,
dissipationless phenomena). They merely rearrange the
phase of the initial spectrum. In contrast, real diffusion
attenuates the high-frequency components.

VI. SPACE LENSES AND TIME LENSES

Having shown that dispersion can be viewed as the
time-domain analog of paraxial diffraction, we now pro-
ceed to find a time-domain analog to a space lens. Con-
sider the standard thin lens portrayed in Fig. 5(a). We
know that the effect of a thin lens can be described by a
phase transformation of the form [25]

k
t,(x,y) = exp[—iknAy] exp [1'2—f(x2 +y2)] (26)
(assuming exp (+iw,t) time dependence) where A, is the
maximum thickness and f is the focal length containing
the usual physical properties of the lens such as the radii
of curvature (R, and R,) of the two surfaces and the
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Fig. 5. (a) Conventional space lens with phase function defined in
terms of focal length, which in turn depends on surface curvature and
index of refraction. (b) Time lens implemented with a traveling-wave
electrooptic modulator driven at a microwave frequency ,,. Phase
function is defined in terms of a focal time f;, which depends on the
optical carrier frequency w,, the modulation index T}, and w,,.

index of refraction n. The first term in (26) is a simple
phase shift and can be ignored for the purposes of this
discussion. The second term contains the essence of lens
operation. It shows that a lens produces an instantaneous
quadratic phase modulation in real space (as opposed to the
quadratic phase modulation produced in Fourier space by
diffraction). The relevant spatial-phase function is thus

k(x? +y?)
2

Now, in order to find the time-domain equivalent of the
space lens, we look to the governing parabolic equations
(19) for guidance. Since a space lens produces a quadratic
phase modulation on the profile variables (x, y), it sug-
gests that we do the same in the time domain. In other
words, produce a quadratic phase modulation on the local
time variable 7. We could describe this functionally as
¢(r) = u7? where p is a constant, or, in keeping with
the spirit of the space—time duality, let us write

¢(x,y) = @n

2
w,T

2fr

where f; is the “focal time” of the “time lens.” This
time-phase function is then the dual of its spatial counter-
part (27).

We can find a general expression for the focal time of a
time lens realized by any physical process by comparing
(28) to a Taylor-series expansion of the phase function

d
(1) = d)o('ro) + (7 — TD)—¢
dr

¢(1) =

(28)

T=T,

(- 70)2 d%
+ —

W i, T @

T=1,
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Equating the second-order term (with 7, = 0) to (28) we
find

@,

Ir= /ar

To obtain a more specific relationship, we need to
examine a particular physical mechanism for producing
quadratic phase modulation. Electrooptic phase modula-
tion is a prime candidate [Fig. 5(b)] since it can produce a
reliable phase modulation independent of optical power
(this would not be the case for self-phase modulation,
which depends on the optical power and pulse shape). We
will therefore examine the operation of electrooptic phase
modulators with emphasis on relating the quadratic phase
to the properties of time lenses.

In a traveling-wave phase modulator driven with a
voltage v(¢) = V, cos w,,¢, any optical wave that is mostly
confined to a region beneath a cusp of the traveling-wave
field will receive a quadratic phase modulation or retarda-
tion compared to the same optical path in the absence of
the modulating field. The effect can be viewed as being
produced by a traveling-wave modulation of the index of
refraction (and hence, the optical path length through the
crystal).

The total phase shift of an optical wave propagating
through an electrooptic crystal with a traveling-wave index
of refraction An(z,t) can be written as

o(z,1)

30

W, rz
= w,t —k,z — -f An(z',t)dz’
¢ 70

31

where the last term accounts for the phase retardation
due to electrooptic interaction with a microwave driving
field and

An(z,t) = An,cos(w,,t — k,z + 0). (32)

Here An, is the peak index of refraction change, w,, is
the frequency of the microwave driving field, k,, is the
microwave wavenumber, and 6 is the initial phase offset.

Once again it will be advantageous to cast this integral
in the traveling-wave coordinate system of the optical
fields. To this end we invoke the transformation indicated
in (15) and apply it to the integral in (31). The net
retardation is therefore [26]

J«

=wyt —k,z —T(z,1)

T N
r(¢,m) = — [OAn(g,T)dg - - /OAno

1 1 7]
'cos[wm(‘r+ f(u— - U——) + w—

go pm 'm
. (A4’)
sin | — A
:Fo(—Aj)_ cos(T(b + w,7+ 9) (33)
2
where

1 1
Acb:wmf(—————) (39

Vo Upm
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is the phase offset due to walkoff between the optical
group velocity v,, and the microwave phase velocity v,
and I, is the peak phase deviation in the absence of
velocity walkoff. T, depends on the peak applied electric
field, the electrooptic coefficients, and the total propaga-
tion distance £. In terms of the peak index change An, or
the half-wave switching voltage V_, it takes the form
w,An ¢ |4

= e =,

c V.

L

(35

o

The above analysis applies only to the case of a
traveling-wave modulator with copropagating microwave
and optical fields. For a standing-wave (resonant) modula-
tor, we need to consider the effect of the counterpropa-
gating field on the net retardation. This is easily taken
into account by reversing the sign of the wavenumber
(k,, » —k,) in (32) and adding an additional phase to
satisfy the boundary condition An(z = 0) = 0. The net
retardation now has two terms corresponding to the for-
ward and backward traveling waves, respectively;

. [A¢
sm(T)

r(g,m =T, i
éE1)=1, WCOS(T+me+ 9)
2

=T,(&7) +T_(&,7) (36)
where
1 1
n=w,¢ —+—). 37
Ugo Upm

Large values of 1 correspond to the optical pulse propa-
gating through many cycles of counterpropagating mi-
crowave field, each one canceling the effect of the previ-
ous one. This results in “washing out” the backward
modulation effect when compared to the growth due to
the forward wave, as seen in the term sin(n/2)/(n/2). It
would seem to argue, then, for long interaction lengths.
However, it is interesting to note what occurs for perfect
velocity matching in a resonant microwave cavity with a
total length equal to an arbitrary integral number of half
wavelengths. Since v,,, = v,,, then

W €

Upm

k& (38)

N3

and the retardation produced by the backward propagat-
ing wave is given by

sin (k,, &)

F,(f,‘r) = —_(;f—mtf_)

cos(k,, &+ w,m+ 0). (39)
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Now, for ja resonator constructed with an integral number
of half wavelengths in the direction of optical propagation
k,éE= and thus

r (&7)=0 v, =v

pm go*

(40)

Thus, for a resonant microwave phase modulator with
perfect velocity matching, there is no electrooptic retarda-
tion either positive or negative due to the counterpropa-

net retardation is then given by

r(¢,7) =T, cos(w,T). (41)

In order| to have a lens effect, we need to isolate that
portion of the modulation that results in a quadratic
phase transformation. This is accomplished by restricting
the duration of the optical pulse (or waveform) to a small
region about |r| = 0. Then we can expand the cosine
function and

(42)

(w,7)
(g, r)=T,01 - .

2

The leading term is a simple static phase shift and does
not play an important role. It is equivalent to the static

tly, use the general definition (30), we arrive at
an expression for the temporal focal length or “focal
time”

@,

= 7 -
ro w,,

fr (43)

Thus, we can characterize the time lens by an instanta-
neous phase transformation

[ ru(me)Z]
H(r) = exp[—iT,lexp |i—————

2

(44)

=exp[—il,]exp|i .
P1"28,

Continuing the analogy, we next seek an appropriate
description of f-number. In conventional optics, this is the
ratio of |focal length to aperture size. Inasmuch as the
aperture| size dictates the maximum usable area of the
lens, we| can extend this concept to the time lens by
defining the maximum usable time window as that portion
of the phase modulation that is predominantly quadratic.
If we expand (41) to the next higher order (fourth) and
require that within some time window |7| < 7,/2 this
term be |less than, say, 2 percent of the quadratic term,
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then the maximum usable time aperture becomes
45)

T, =1/0,.

If we now define the f-number as the ratio of the focal
time f; to the aperture time 7, we have

i24

(46)

fr_ @
Ta FO wm -
Although the condition of 2 percent contribution from the
fourth-order term seems arbitrary, it was found in earlier
studies of active pulse compression [12] that ratios of
T/7, <6 (where T is the microwave period) produced
objectionable distortion of the input pulses. The condition
set forth in (45) is slightly more conservative and corre-
sponds to T/7, = 2.

We may now start to formally organize the dualities
between diffraction and dispersion and space lenses and
time lenses. Table I displays the pertinent equations for
both problems. To this point we have seen that the
governing partial differential equations for both systems
are identical. The “propagation variable” can be viewed
as the independent parameter that measures the distance
of propagation. It was arbitrarily chosen as the z-axis for
both the diffraction and the dispersion problems. The
profile variable is the coordinate direction in which the
main feature of the wave is modified upon propagation.
For diffraction this is the plane transverse to the direction
of propagation, while for dispersion, it is the local time
centered about the pulse envelope. The diffusivity mea-
sures the rate at which the wave profile changes as it
propagates. This term is imaginary, and thus, only con-
tributes to the phase of the wave’s spectrum. Note that in
diffraction this can have only one sign, while for the case
of dispersion we can find materials or synthesize optical
paths for which d*8/dw? is either greater or less than
zero. As we shall see, this will permit an extra degree of
freedom when designing temporal-imaging systems.

Finally, by considering the fundamental action of space
lenses, we arrived at a time-domain analog: the time lens.
Its properties could be characterized in terms of a focal
time and f-number. These concepts carry over directly
from their space counterparts and take their respective
places in Table I. The remaining entries will be described
in the next sections.

VIL TEMPORAL IMAGING

Now that we have derived the time-domain analogs to
diffraction and lenses, it is natural to consider putting
them together in a system. In the space domain, the
combination of a lens and suitable distance for diffraction
so that a beam is focused to a spot is analogous to pulse
compression in time. More precisely, the signal obtained
in the focal plane of a time lens will be the Fourier
transform of the input signal. The first and perhaps most-
famous system application based on this principle was
chirp radar [2].

A much more powerful system configuration is obtained
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TABLE 1
THE EQUATIONS OF SPATIAL AND TEMPORAL IMAGING. ENTRIES FOR
THE IMPULSE RESPONSE INDICATE FOURIER TRANSFORMS OF
PupiL FUNCTIONS

SPACE TIME
Governing p.d.e. E,= _7“; (Ezz + Eyy) A= % g@[ Ars
Propagation variable z ¢
Profile variable T,y T
. P &
Diffusivity - Z_Zk' % E.’;.
2,2
Lens phase function ¢(z) = k(z I2}' ¥) #(t) = h;'}“f
. 1 w,
Focal length (time) f= fr=
(n—1) 11 Towpm
R R
f- number f*= £ = Wo
T oWm
: it 1 1 _1 1 1w
Imaging condition . + =7 Fi’a + a » 7
L= __E L
dw? dw?
4%
d g
Magnification M=% M= o
’ b=
dw’
Impulse response

(essential feature) F{P(Ad:&, Ad;7)}

by preceding and following a time lens with dispersion
[Fig. 6(a)l. When the magnitudes of the pre- and post-
dispersion are suitably chosen with respect to the charac-
teristics of the time lens, a “temporal imaging system” is
created [16]-[20]. By this we mean that the output wave-
form from the system is a scaled replica of the input
waveform; stretched or compressed in time with a con-
comitant scaling in power to satisfy energy conservation.

In order to characterize the temporal-imaging system,
we will make use of the fact that the system is linear in
electric-field amplitude and use standard linear-systems
techniques where they are advantageous. Recall that the
principle feature of the solution to the dispersion problem
is that the input spectrum is multiplied by a phase-shift
term quadratic in the Fourier variable (w). Also, the
effect of the time lens is to multiply the time-dependent
electric field by a phase-shift term quadratic in the time
variable. The output of the system is thus found by
cascading the three effects [Fig. 6(b)].

Fig. 7 displays the identical analysis applied to a
spatial-imaging system. Here, the quadratic phase is ap-
plied in the spatial Fourier domain that describes the
diffraction phenomenon and in real space to describe the
action of a lens.

Now, consider an arbitrary waveform entering the tem-
poral imaging system of Fig. 6. To simplify future calcula-
tions, we group all of the important time- and frequency-
domain functions in Table II. In traveling-wave coordi-
nates, the waveform envelope is A(£, 7) with associated
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INPUT TIME LENS OUTPUT
DISPERSION DISPERSION
A(T)
g £
QUADRATIC :
(a) PHASE
MODULATOR A (L)
M
& d%B o2 wor? &%
exp [-—17 Y exp |4 2}1 exp fz—z-zw—z—
(b)
FREQUENCY TIME FREQUENCY
DOMAIN DOMAIN DOMAIN

Fig. 6. (a) Temporal-imaging configuration. Input and output disper-
sions (shown here as diffraction-grating pairs) play the role of free—spaoe
diffraction while a quadratic phase modulator acts as a lens in the time
domain. Output waveform envelope A(r/M) is a magnified version of
the input envelope A(r), where M = —(£,d*8,/dw®)/(£,dB, /dw?).
(b) Analysis is carried out by cascading the three processes: input
dispersion [quadratic phase transformation in frequency domain ()] —
time lens [quadratic phase modulation in time (r)] — output dispersion.
Compare with the spatial analog shown in Fig. 7.

TABLE I
TIME- AND FREQUENCY-DOMAIN FUNCTIONS CORRESPONDING TO
THE PHENOMENON OF DISPERSION AND THE ACTION OF A
TIME LENS IN A TEMPORAL-IMAGING SYSTEM

TIME FREQUENCY
INPUT
DISPERSION  Gi{&,7) = Vl_exp (,ﬁ) Gi(£1,w) = exp (_iwg) oz g_,d%x
' iria 4a ' “2af
OUTPUT
2,
DISPERSION  Ga(£,7) = 7— exp ( Lb) Gala,w) = exp (—ibu?) b= 522%322_
2
TIME LENS H(r) = e (17, H(w) = Vircexp (-ia?) o= AT

frequency spectrum (£, ). At the end of the input
dispersion, the field envelope is given by
A(gl"r) :-7—1{'5{(0, w)gl( §1, w)} (47)

where ! signifies inverse Fourier transformation. The
field immediately after the time lens is

A(E + e,7) =F Ho(0, 0)Z,(£,, ®)}H(T). (48)
Finally, the field envelope at the end of the output disper-
sion is

r
A(E,, 1) = —F
w

([(-M(O; w)?l(fl, w))*ma))]gz(fz, w)} (49)
where #(w) is the Fourier transform of the time-lens
function and the factor 1/27 appears because of the
convolution theorem. To uncover the full implication of
this expression, we begin by expanding the indicated con-
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INPUT SPACE LENS OUTPUT
DIFFRACTION DIFFRACTION
E(zx, r Yy
 B@y) E (M’ M)l

-+

| . |

do T o |

ex l—d (k2 + k2) exp z'——-k (z® +y2)] exp (k’ +kZ)
P ' 2f 3%

REAL
SPACE

FOURIER
SPACE

FOURIER
SPACE

Fig. 7. (a) Conﬁguratlon for conventional spatxal imaging. Output field
envelope E(x/M,y/M) is a magnified version of the input field enve-
lope E(x,y) where M = —d,/d,. (b) Analysis is carried out by cascad-
ing the three processes: input diffraction [quadratic phase transforma-
tion in Fourier-space variables (k,, k,)] — lens [quadratic phase trans-
formation in real-space variables (x, y)] — output diffraction. Compare
with Fig. 6.

volution integral
Z0, 0)Z,(¢), 0)+*Z(w)

= [ 70, 02§, 0% (0 - 0)do’ (50)
and substitute it back into (49)

1 e .
A(E,, ) = Z—Wf_wdwe‘“’?z(é, ®)

1 ]
— ] do's(0, 0)Z (£, 0¥ (0 — o). (51)
277 —o0

Switching the order of integration and operation on
Z(w — ') we have

1 0
A(E,, ) = _f do's0, 0 )E,(£, ®')
27T —o

1 .
P [ do e "%,(&,), )# (0 — o). (52)

Now we can complete the integral over w on the right-
hand side. From Table II

Z (0 — ') = Vamic expl—ic(w — 0)’]  (53)

and the second integral in (52) can be written

\/?f exp (—ibw?) exp [ —ic(w — ©')]exp (iwr) dw

= \/jexp(—zcm )
w

-fw exp[—iw(b + c)]lexplin(r + 2cw’)]ldw

3
= ‘/ TS exp (—icw'?) exp

i(r + 2ce’)
4(b +¢)

(54)
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The integral was evaluated by noting that it is the inverse
Fourier transform of a quadratic phase with a shifted time
reference. We can put this result into (52) and write the
remaining integral as

B T ir?
AL =V G370 i o
cZ
2
b+c)w ]

4
* €Xp [lw (-b-+_c)7]dw .

This equation shows us that the output waveform can be
found by multiplying the spectrum &40, @) of the input
waveform by a quadratic phase and modifying its time
scale.

We are interested in finding the conditions under which
the output waveform could reasonably be called an
“image” of the input waveform. This would be satisfied if
the output waveform had the same envelope profile, but
perhaps an altered time scale. If we eliminate the
quadratic phase in the integrand of (55), we will obtain
this result since the integral represents the inverse Fourier
transform of the original waveform spectrum with an
altered time scale. Thus, we set a + ¢ = c%/(b + ¢) and
find that 1/a + 1/b = —1/c. Substituting for a, b, and ¢
from Table II, we have

21—77 f:x(o, w')

- exp —i(a +c -

(55)

! ! o (56)
+ = __2
d’B, d’B, Ir
ldw? 2dw?

which is our temporal-imaging condition. Note the striking
similarity to the lens law 1/d, + 1/d; = 1/f, which is the
spatial-imaging condition. There is a subtle difference,
however, in the presence of the minus sign. The origin of
this traces back to the nature of the relationship between
diffraction and dispersion. In the case of diffraction the
instantaneous spatial frequencies of a paraxial beam ac-
quire a negative frequency sweep; the high spatial fre-
quencies travel faster laterally than the low spatial fre-
quencies. On the other hand, for normal dispersion
(dB/dw® > 0), a pulse acquires a positive frequency
sweep since the low frequencies travel faster than the
high frequencies. Thus, in the sense that a lens counter-
acts the natural chirping of the medium that precedes it, a
time lens must have a different sign of phase curvature
than a space lens in order to satisfy the imaging condition.

The possibility of having positive or negative dispersion
adds an extra degree of versatility. In the normal lens
law, changing the sign of the focal length from positive
to negative requires a resultant change in the sign of
either the object or image distance to which we ascribe
the notion of a virtual object or virtual image. In the
temporal-imaging system, however, changing the sign of
fr does not automatically imply the creation of a “tem-
poral virtual image” since (56) could be satisfied by chang-
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ing the sign of the dispersion alone and leaving the
propagation distance ¢ unchanged. This corresponds to a
real image formed with a negative lens, a situation that is
not possible with real-space lenses since the propagation
phenomenon only introduces one sign of dispersion for
the spatial Fourier spectrum.

Next, we examine the time-scale factor in the Fourier
transform kernel. If we apply the imaging condition (56)
to this factor, we find

c d’B,
b+c b 252

Do den (57)
c a dB,
Srpe

The time scale is altered by a magnification factor M
given by the ratio of the output dispersion to the input
dispersion. This expression also has its dual in the spatial
domain; the ratio of the image distance to the object
distance (—d;/d,).

Making use of the imaging condition (56) and the
definition of the magnification ratio (57), we can finally
rewrite (55) as

B 1 iw,7?
A1) = 57 | orr,

© T
.f_mM(O, @) exp [iwﬁ] dw

1 ia)afr2 lo T (58)
P 2mf, (M)

This is the principal result of temporal imaging. It bears a
very close resemblance to its spatial counterpart. The
output waveform A(&,,7) is seen to be a replica of the
input waveform scaled in time. In addition, there is a
quadratic phase term as one finds in the spatial case [25],
and an amplitude scaling 1/vVM that accounts for energy
conservation. We can now add the results of our temporal
imaging analysis to Table L.

VIII. RESOLUTION LIMITATIONS

As in any real spatial-imaging system, temporal imaging
is subject to the equivalent effects of diffraction due to
finite apertures. In this context, the aperture corresponds
to a finite time window through which the fields pass on
their way through the time lens. In Section VI the concept
of a useful aperture time was introduced to limit the time
window over which the modulator was principally
quadratic. However, in deriving the relations for temporal
imaging, we ignored the finite aperture and the effects
that it will produce in the image plane. In this section we
will consider the effects of a finite time aperture from a
slightly different point of view. The reasons are twofold.
First, we wish to highlight the linear systems nature of
temporal imaging by describing the imaging system in
terms of its impulse response. Second, we can take advan-
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tage of the concepts of the imaging condition and magni-
fication ratio already derived in the last section (those
derivations evolve more naturally when considering an
arbitrary input field as opposed to the impulse response
point of view).

Our goal is to exploit the linearity of the temporal-
imaging system and write the system output in terms of a
superposition integral [25]

ACE,7) = [ h(r;1,)40,7,) dr, (59)
where h(r; 7,) is the response of the system at time 7 to
an impulse applied at time 7,. A4(0, 7) is the input wave-
form and serves as a weighting function in the integrand.

To find the impulse response, we begin by assuming
that the input to the system is an impulse delayed in time
by 7, in the traveling-wave reference frame. Then A(0, 7)
= 8(7 — 7,) and the fields after the input dispersion are

A(E, 1) =G (¢, 1)+ 8(r— 1) = G (&,7— 7,). (60)

To model the effect of an aperture, we introduce a
pupil function P(7) to the time lens so that the transmit-
tance of the time lens becomes H(7)P(7). In this way we
can separate the effects of the quadratic phase from the
aperture. Thus, immediately past the time lens the wave-
form is :

A(E + €,7) = G (&, 7— 7,)H(7)P(7).
Finally, after the output dispersion we have
h(r;7,) = A(E,, 1)
=G(¢, 71— )H(T)P(7)* G,(&,, 1) (62)

which is the response of the system at time 7 due to an
impulse at time 7,. Using the expressions in Table II we
can expand the convolution and write

(61)

hrsz) = [ Gé, T — )H(r)
“P(1)G,(&, 71— ') dT’
1 o i(r' — 70)2
=————|f P(@ -
pery g AL )e"p[ 4a
ir'? i(r — 7') .
exp | — | exp 12 T
1 ifr? 1t
= — —_ — + —
amivab P|a\a T
o PG i1 11
. 4 —_— -+ — 4+ =
—ir’ ( T, T 4 3
: -+ — "
. 2 a b) 4 €3)
Now, if we invoke the imaging condition derived in the
previous section 1/a +1/b = —1/c, we can dispense

with the quadratic phase term inside the integrand. Thus,

1961

we find that the impulse response is proportional to the
Fourier transform of the pupil function in a scaled- and
shifted coordinate system, just as in the case of a Fraun-
hofer diffraction pattern. We can simplify this result a bit
more by noting that as this is an impulse response, most
of the contribution to h(r;7,) will arise from a small
region about the point 7,, and thus, we can replace 7,
with v/M and the remaining quadratic phase term can be
approximated by {25]

i 1'02 72 i 72 72
bl Il I | Bl P D Ve R

iw,7?
~ P oMy, |

(64)

Making use again of the definition of magnification and
rearranging the Fourier transform kernel we can rewrite
(63) as

iw,r?
h(r;7,) =

1
amivab " { 2Mf;
-[w P(r") exp [

Now, consider the following change of variables; let
7= 1'/2b and 7, = Mr,. Equation (65) becomes

VM
h(r — 1)) = —exp
27

i’ , 6
b (r—Mr,)|dr’. (65)

iw,7?

2Mf,
[” P@bF)expl—if(r — 1)1 d7 (66)

and we see that in the traveling-wave reference frame, the

impulse response is time invariant. Applying the new
variables to the superposition integral (59) yields

algm = [ =

With the final definition

A(o, Tﬁ) . (67)

- 1
Wr - 1)) = Hh(? - 1) (68)

the impulse response can be written

% " 1 iw,T?
T—T,) = v exp M,
f © P@bF) exp[—iF(r — 7)]d7 (69)
and we find

o Tg’
A(E,), 1) = f_wh(f— T;)A(O,M) dr.. (70
Thus, the output waveform from the temporal-imaging
system is seen to be a magnified replica of the input
waveform convolved with the Fourier transform of the
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pupil function (the impulse response). This is what we
would expect owing to the duality between the temporal
and spatial systems. Substituting b from Table II into the
pupil function, we can add the essential form of the
impulse response to Table I adjacent to its spatial coun-
terpart.

Note that in the limit of a very large time aperture, the
pupil function is approximately unity and the impulse
response (69) reduces to
[ iw,r? ]

h(T—Ta)=W6Xp-2MfT-

From (70) and the sifting theorem, the output waveform
then takes the form

s(r—1). (7D

S
lw,T

1 T
Jﬁapzw;4mM)
in exact agreement with the result from Section VII, (58),
where we approached the problem entirely in the fre-
quency domain, with no aperture, and the full-input wave-
form carried through the calculation.

Finally, let us consider an example from which we can
derive a useful rule of thumb. Assume that the pupil
function is rectangular in time with an aperture 7, s long.

Then P(7) = rect(r/7,) and the impulse response (69)
takes the form

A(E,, 1) =

(72)

% = T iw,7?| 7(r— 1)
T dmeymt P | 2my, | W)'

As a rough estimate of the resolution of a time micro-
scope used for expanding fast optical waveforms, we might
consider the time to the first zero of the sinc function as a
reasonable marker. This corresponds to a time interval in
the system output of (r — 7)) = 47b /7,. It will be much
more convenient to translate this into the input time
scale, which is accomplished using the magnification ratio
M. The input resolution is thus

4m7b
Mr,

47ma

oty =

(74)

Ta

Now, in most cases of microscopy, the magnification will
be large and the image distance will be much greater than
the object distance. We may then approximate the object
distance as equal to the focal length. In the temporal
system this implies that the output dispersion is much
greater than the input dispersion or b > a. Consequently
a= —c= —f;/2w, and (74) becomes
ér, = Taﬁ
T

a

=T,ft (75)
where T, = 2m/w, is the period of the optical carrier.
This is a very handy expression for estimating the resolu-
tion of a temporal-imaging system. As in the case of
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spatial imaging, resolution is ultimately governed by the
speed of the lens.

For a time lens based on an electrooptic modulator, we
can substitute (46) for the f-number and obtain

5 1
o T

This is also a convenient expression with a simple inter-
pretation. We know from communication theory that for
continuous angle modulation, the product of the peak
phase deviation (or modulation index) and the modulating
frequency is the peak-frequency deviation that is related
to the total spectral bandwidth [27]. For the case of the
quadratic time lens, the phase modulation occurs over a
small portion of the modulating period and it can be
shown that the net bandwidth of the chirped spectrum is
simply Af =T, f,, and thus 87, = 1/Af.

It should be emphasized that the steps leading to
(74)—(76) relied on the approximation that the time
from the peak of the impulse response to the first zero
was indicative of the resolution. This does not establish
the equivalent of a “Rayleigh criterion” in the time
domain, but simply serves as a handy guide. Also, a true
rectangular-aperture function is nearly impossible to con-
struct in the time domain because of the bandwidth
requirements whereas it is trivial in space. It is interesting,
then, to consider the consequences of the myriad possible
aperture functions on the resolution of temporal-imaging
systems. This is fruitful ground for future study.

(76)

IX. CoNCLUSIONS

In this paper, we have attempted to lay the foundation
for the principles of temporal imaging. The origin of these
principles rest in the duality between the problems of
paraxial diffraction and narrow-band dispersion. These
were constructed on analogous approximations to the
relative bandwidths of spatial and temporal Fourier spec-
tra (Fig. 2). The governing differential equations of
parabolic form suggest a close relationship to conven-
tional diffusion, but as we have seen, the presence of the
imaginary coefficients transformed a problem in station-
ary dissipation to one of conservative propagation.

Building on the diffraction—dispersion analogy we saw
that a quadratic time-phase modulation acts as a time lens
to which we can ascribe the equivalent concepts of focal
length (now a focal time) and f-number. We believe that
these concepts will play a useful role in future discussions
and specifications of optical pulse-compression systems.

When we combine dispersion both ahead of and after a
time lens, we create the time-domain analog of a spatial-
imaging system. Following the implications of the analog,
we have derived expressions that relate the output time
waveform to the input waveform. When these waveforms
have the same overall profile, but possibly an altered time
scale, we consider the output to be a time image of the
input. The conditions on the strengths of the time lens
and the associated dispersions result in the imaging condi-
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tion equation (56) that is conceptually identical to the lens
law.

Finally, no treatment of imaging is complete without
analyzing the resolution limitations. As we would expect,
these arise due to the finite aperture or time window
through which the optical waveforms must pass. Analysis
of the impulse response of the temporal-imaging system
reveals that the resolution is related to the Fourier trans-
form of the aperture function (69) and thus is the time-
domain equivalent of the Fraunhofer-diffraction pattern.
This is an important result and really solidifies the nature
of the space—time duality. It also points out the key
technological hurdle in making useful temporal-imaging
systems. For example, imagine that we wish to construct a
time microscope capable of resolving phenomena with 100
fs features. Assume that we can fabricate an electrooptic
phase modulator that operates at 50 GHz. What peak
phase deviation is necessary to satisfy the 100 fs require-
ment? Reference to (76) indicates that we must have
I, = 200 rad, a formidable challenge indeed! Also, note
that this time lens has an f-number of only 30 at A =
1.0 pm and thus is not a particularly “fast” lens (a fact
that is consistent when the resolution is compared to the
carrier period of 3.3 fs).

In closing, we bring to the attention of the reader
additional interesting work that is relevant to space—time
duality and temporal imaging. This includes matrix ap-
proaches to analyzing pulse propagation [28], [29], optical
waveform processing [30], [31], self-imaging [32], Fourier
transformation [33], and more complex temporal-imaging
systems [34, 35].
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