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Aberrations in Temporal Imaging
Corey V. Bennett, Student Member, IEEE,and Brian H. Kolner, Member, IEEE

Abstract—Recent advances in temporal imaging allow con-
struction of systems that can expand or compress arbitrary
waveforms in time, while maintaining the shape of their envelope
profile with subpicosecond resolution. The process is analogous to
imaging in space, with the quadratic spectral phase introduced
by narrow-band dispersion performing the time-domain role of
paraxial diffraction and quadratic temporal phase modulation
acting as a time lens. Higher order phase terms in the dispersive
networks and the time lens modulation introduce aberrations into
the system. The effect each aberration has on the final temporal
image varies depending on the system configuration and where
the source is located in the system. A theoretical and experimental
study of aberration effects is presented in this article.

Index Terms—Dispersive propagation, frequency mixing, phase
modulation, temporal imaging, time lens, ultrafast measurement,
ultrafast pulse propagation.

I. INTRODUCTION

T HE GENERATION and characterization of ultrafast
optical waveforms having long and complex structure is

of growing importance. For example, experiments planned for
the National Ignition Facility will require recording approxi-
mately 1 ns of a single-transient signal with subpicosecond,
preferably 100 fs, resolution. While many measurement tech-
niques with ultrafast resolution have been demonstrated, most
require sampling of a repetitive signal and some are limited
in the complexity (time-bandwidth product) of the signal that
can be recorded [1]–[4]. Temporal imaging1 [5]–[12] allows
an arbitrarily shaped ultrafast waveform to be magnified or
compressed in time while maintaining the shape of its envelope
profile, thereby improving the resolution of an existing mea-
surement system. It operates on a single-shot basis, generating
a scaled replica of a waveform within the temporal field of
view for each occurrence of time lens modulation [13].

Temporal imaging is based on a space–time analogy between
paraxial diffraction and narrowband dispersion [14]–[18].
Both introduce quadratic phase filtering in their respective
frequency domains; in space and in
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time. There is also a one-to-one analogy between the quadratic
phase modulation performed in by an ideal spatial lens
and a quadratic phase modulation imparted in the local time
coordinate traveling with the imaged waveform. The device
performing this operation is therefore considered a “time lens.”
A temporal imaging system is constructed by cascading input
dispersion, time lens modulation, and output dispersion, in the
appropriate balance, analogous to the arrangement in a spatial
imaging system. Each component can introduce aberrations
because of departures from ideal quadratic phase. For example,
the phase response of dispersive networks can generally be
described by a Taylor series expansion. The second-order term
is responsible for imaging properties, while third and higher
order terms cause distortion. Similarly, an ideal time lens
provides quadratic phase modulation and the presence of any
higher order terms will degrade the temporal image. This paper
analyzes the effects of deviations from ideal phase behavior
in the dispersive networks and the time lens. These effects
were considered in the design of the system presented in [19]
and [20], although not discussed, and will be critical in future
high-speed instrumentation based on temporal imaging. We
also show that strategic combinations of different aberration
sources can minimize the overall waveform distortion for a
given application.

It is important to distinguish a few fundamental physical dif-
ferences between components in spatial and temporal imaging
systems. A space lens is generally made from a combination
of curved surfaces between materials of different refractive in-
dexes. The transverse phase it imparts depends on the curvature
of these surfaces and the indexes of refraction on either side of
the lens. We cannot precisely define the imparted phase without
knowing the index of the medium surrounding the lens. We also
have little control over the way a beam diffracts as it propagates
in a homogeneous spatial system. For large ray angles we cannot
simply alter the propagation characteristics to realize paraxial
conditions. Clever choices of lens materials, curvatures, and po-
sitioning can all be combined to minimize the total system aber-
rations, but it is the system as a whole that must be engineered.
In contrast, the active phase modulation of a time lens is in-
dependent of the dispersive networks before and after the lens.
Therefore, the performance of each part of the imaging system
may be optimized independently once a thorough understanding
of the sources and effects of aberrations is in hand. We begin
with dispersion.

II. HIGHER ORDERPHASE EFFECTS INDISPERSION

The wave equation for media with frequency-dependent
permittivity may be solved by Fourier transformation to
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the frequency domain where convolution with the dielectric
response becomes multiplication with the field spectrum

(1)

For unidirectional wave motion the solution is

(2)

Now, we are interested in the effects of higher-order phase
terms on the propagation of an envelope waveform as-
sociated with the electric field

(3)

where is the propagation constant at the carrier frequency.
The Fourier spectrum of this waveform is

(4)

where is the baseband spectrum of the envelope
translated to the carrier. There is a distinct difference

between (2) and (4). Equation (2) describes the effects of prop-
agation on an initial spectrum while (4) is merely a statement of
the spectrum of a specific waveform (3). How it evolved upon
propagation is not revealed. However, if it is to satisfy the wave
equation, it must obey the propagation law (2) and therefore, by
equating the two, we find

(5)

where . Now it is straightforward to
include the effects of the frequency dependence of by, for
example, expanding it in a Taylor series about the carrier to the
desired order of accuracy

(6)

Thus, the envelope spectrum propagates according to

(7)

where is a baseband spectral component. The total
dispersed electric field is found by inverse Fourier transforma-
tion; and substitution into (3).

The problem can be further simplified by converting to the
traveling-wave reference frame and . This
transformation effectively drops the first-order group delay term

, resulting in

(8)

Thus, in a traveling-wave coordinate system, the distortion of
an envelope function is determined by the effects of the higher
order terms in the expansion of upon the spectrum of the
envelope.

Since dispersion characteristics often change for different re-
gions of a dispersive system it is often easier to work with the
total spectral phase . Thus is a total

Fig. 1. A calculated temporal ray diagram showing dispersive propagation.
The horizontal axis is the distance or accumulated GDD� through which the
signal has propagated. The vertical axis is the local time� . Dashed lines show
the ideal paths of various spectral components while solid lines represent the
actual paths in the presence of third-order dispersive aberration.� =� is that
of fused silica at� = 1550 nm.

group delay and is a total group delay dispersion (GDD),
each evaluated at the carrier frequency. The GDDin (8) im-
parts the desired quadratic spectral phase while higher order
terms introduce aberration.

A useful method for visualizing the propagation of a signal
utilizes the concept of a time ray [21], [22], the relative
space–time path of a particular spectral component in a trav-
eling-wave coordinate system (Fig. 1). Each ray is associated
with a spectral component and has a trajectory given by its
deviation from the traveling-wave origin as a function
of the normalized propagation distance . This can
be seen by calculating the group delay experienced at other
frequencies near the carrier

(9)

The group delay of a particular baseband envelope spectral com-
ponent , relative to the traveling-wave coordinate
system moving with the optical signal, is

(10)

A given spectral component entering a dispersive delay line
at an initial time experiences a frequency-dependent delay
and leaves at . The space–time slope

is simply the frequency plus dis-
tortions that result from higher order dispersion terms

(11)
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These dispersive aberrations can be ignored if

(12)

over the frequency range of interest , as determined by the
bandwidth of the signal or any spectral filtering processes in the
system [23]. We will use the half-maximum frequency

to evaluate the relative importance of these aberrations.
Fig. 1 is a temporal ray diagram showing the dispersion of a

30-fs pulse. The dashed lines show ideal paths with slopes cor-
responding to their frequency while the solid lines include
the distortion that results from the third-order dispersive aber-
ration in (11). While the ray approach does not give a complete
solution to the envelope, it is an intuitive tool for visualizing
the effects of aberrations. The actual output envelope in Fig. 1
was calculated using (8) and is consistent with the ray modeling
approach. In this example, and
we see that the frequencies have shifted 12.5% from
their delay in an ideal system. Higher frequency components
are shifted even more and the superposition of all components
produces a pulse that is distorted to one side. As the magnitude
of increases further (Fig. 2), different spectral components
within the signal bandwidth start having the same group delay,
the span of time rays is strongly distorted to one side, and the
interference of these spectral components produces a long tail
of decaying oscillations [24]. The important equations, (8) and
(10), for both modeling approaches are gathered in Table I.

It should be noted that in this analysis represents a gen-
eral carrier frequency. In systems using a parametric time lens,
the carrier will change due to the frequency conversion process.
Each dispersive delay line must then be evaluated at this new
frequency.

III. H IGHER ORDER PHASE EFFECTS INTIME LENS

MODULATION

The function of an ideal time lens is to impart a quadratictem-
poral phase, or equivalently, an instantaneous frequency chirp

, where is the imparted time
lens phase profile. The ideal envelope out of the time lens is

, where

(13)

is the time lens phase modulation function and is the am-
plitude modulation, or pupil, function. For simplicity, we will
ignore many of the finite temporal aperture effects which are
discussed in more detail elsewhere [10], [11], [23]. The modu-
lation strength is characterized by a physical focal lengthor
a focal GDD

(14)

which can be shown to be the dispersion required to remove the
frequency chirp that has just been imparted.

Early optical time lenses were produced using electro-optic
phase modulators [25]–[32]. An electrooptic time lens

Fig. 2. A calculated temporal ray diagram showing strong dispersive
aberration. Dashed lines show the ideal spectral paths while solid lines
represent the actual paths in the presence of third-order spectral phase.� =�
is four times that of fused silica at� = 1550 nm.

driven at a modulation frequency has a phase profile
, which is only approximately quadratic at a

cusp of the sinusoid. Care has to be taken to restrict the signal
to a usable aperture centered on a cusp or higher
order phase terms will produce aberrations in the system [10],
[29]. Other time lens mechanisms have also been demonstrated.
In the case of cross-phase modulation [33], the imparted phase
profile is determined by the pump pulse intensity profile.

The resolution of the imaging system in the absence of any
aberrations is inversely proportional to the bandwidth imparted
by the modulation process; . Fundamental tech-
nical challenges in obtaining a strong quadratic phase modula-
tion over a long temporal window with minimum higher-order
phase limits the bandwidth and thus the performance of those
approaches.

On the other hand, linearly frequency-swept optical pulses
with very large bandwidths are easily produced with various
other techniques, such as dispersing pulses from femtosecond
lasers. Combining these pump pulses with the dispersed signal
waveform by nonlinear mixing imparts the quadratic phase of
the pump to the signal at the sum or difference frequency and
therefore achieves the desired time lens action. Our recent work
has concentrated on these parametric time lenses and their ap-
plications to temporal imaging [19],[20],[34]. Numerous ideal-
ized configurations using both sum- and difference-frequency
generation (SFG and DFG) have been analyzed [21]. In a com-
panion paper we investigated limitations to the resolution and
field of view that result from spectral filtering effects in these
systems [23]. An additional benefit of this technique is that
the phase profile of the pump pulse can be adjusted through
carefully controlled dispersive propagation or Fourier transform
pulse shaping [35], [36]. In principle, an exactly quadratic tem-
poral phase can be imparted with this technique, producing an
ideal time lens phase profile.

A realistic time lens phase profile may be described by the
series expansion

(15)
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TABLE I
EQUATIONS MODELING THE COMPONENTS OF ATEMPORAL IMAGING SYSTEM. THE TERMS IN SQUARE BRACKETS

ARE RESPONSIBLE FORABERRATIONS IN THESYSTEM

where is a constant which may be ignored. Each derivative
is with respect to time and evaluated at the center of the time
lens . The instantaneous frequency imparted by the lens is
given by the derivative of the phase and, of
course, this spectrum is added to (or subtracted from) that of the
input waveform. The constant term, , is a frequency
offset from the input carrier which, if stable, plays no important
role in the image formation. It may result from the SFG or DFG
mixing in the parametric time lens or an imperfect quadratic
phase in an electro-optic time lens. In either case, we may drop
this static term and define the instantaneous frequency shift due
to the time lens as

(16)

A time ray representing a frequency entering a conven-
tional time lens at a time will be frequency shifted to

. This “bends” the time ray since it must propagate
through the output dispersion in accordance with (11). By drop-
ping the static frequency offset from our definition of ,
we have “aligned” the output dispersive network with whatever
new carrier frequency is generated. The temporal ray perspec-
tive is again a powerful technique for understanding the under-
lying physical process that is occurring in the time lens.

The third and higher order temporal phase terms in (16)
have made the imparted frequency chirp time-dependent,

, producing a time-dependent focal
GDD

(17)

The chirp rate imparted at the center of the lens is simply,
thus the central focal GDD is . Higher order
terms produce a distortion that increases as increases and
we get closer to the edges of the time lens aperture . We
may ignore the higher order terms if the frequency perturbation
they produce in (16) is small

(18)

over the width of , but this may not always be the case.
Like , the half-maximum transmission point, ,
where is the full width at half maximum of , is a conve-
nient time at which to note the strength of these aberrations.

Fig. 3 shows how a third-order time lens phase aberration
would manifest itself in a pulse compression application. The
input can be viewed as a very long, narrow bandwidth pulse or
simply continuous wave light. The lens has phase terms

GHz/ps and GHz/ps , and a Gaussian
pupil function with ps. The output of the time lens has
a very broad bandwidth, which, if imparted only linearly, would
result in a compressed 30-fs pulse one focal dispersionfrom
the time lens. Instead, the aberration produces a nonlinear fre-
quency shift, which in this example gives

, and results in a 12.5% error in the imparted frequency
(16) and thus the delay through the output dispersion ,
for a time ray entering the lens at . Third-order temporal
phase causes a frequency shift and output time delay that are
shifted to one side, producing a blurred tail analogous to coma
in spatial systems. A fourth-order term would cause a frequency
shift, or focal dispersion change, that is symmetric about .
This is analogous to how the focal length varies symmetrically
about the optical axis in the common case of spherical aberra-
tion for spatial lenses.

Again, the time ray approach is a useful tool to visualize
the space–time flow of energy in the traveling-wave coordinate
system, but since it does not quantify amplitude or interference
effects it does not reproduce the actual output waveform. We can
visualize amplitude effects by shading the lens to represent
and varying ray line thicknesses to represent their relative spec-
tral intensities, as shown in Fig. 3. The total effect of the time
lens may be modeled by utilizing the full envelope expressions
or we can derive physically insightful expressions that indicate
approximate system results by tracking the path of individual
rays. The expressions for both approaches are again collected
in Table I.

It should be noted that the complex conjugate produced by a
DFG time lens [21] can introduce sign changes in many of the
equations in this article. Aberration effects in conventional time
lens systems still apply to DFG systems, although in some con-
figurations the results may have to be spectrally or temporally
reversed. This distinction will be ignored in the remainder of
this paper.
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Fig. 3. A calculated pulse compression ray diagram with aberration caused by
third-order time lens phase. Nonlinearity in the imparted frequency chirp makes
the focal dispersion� dependent on the input time. Ray thickness indicates
intensity due to Gaussian pupil function.

IV. TEMPORAL IMAGING

A. Ideal Temporal Imaging

In an ideal system, propagating an input waveform
through an input GDD , a time lens modulation characterized
by a focal GDD , and an output GDD , in accordance with
the temporal imaging condition

(19)

produces an output waveform [10]

(20)

where the temporal magnification is given by

(21)

The last two forms of the magnification are convenient when
propagating time rays through focused systems, such as those
discussed in Section V. The output is a temporally scaled replica
of the input waveform with a residual frequency chirp equal to
that which is imparted by the time lens divided by the system
magnification.

B. LaGrange Invariant

A very useful quantity in spatial geometric optics is the La-
Grange invariant [37]–[39], an expression relating the slope and
position of any two rays that is constant everywhere in an ideal
system. Once determined it can be used to find ray parameters
at other places in the system, skipping many of the intermediate
steps. It also provides a standard from which to measure the ef-
fects of aberrations.

Consider the propagation of two rays through an ideal tem-
poral imaging system as shown in Fig. 4. To find a time domain

Fig. 4. Ray diagram schematic of an ideal temporal imaging system. For any
two time rays, there is a relationship between their arrival times and frequencies
that is constant everywhere in an ideal system, the temporal LaGrange invariant
(25).

equivalent of the LaGrange invariant, we must find a quantity
relating these two time rays that remains constant with disper-
sive propagation (in the narrowband approximation) and that is
also unchanged by the linear frequency chirp imparted by the
ideal time lens.

Neglecting the higher order terms in (10), through any section
of ideal dispersive propagation the two rays must satisfy

and (22)

Relating these two rays through the common GDD

(23)

Collecting terms from the input on the left and the output on the
right gives

(24)

Although these rays will move in time relative to the center of
the wave packet, the difference in arrival time of one ray mul-
tiplied by the carrier frequency of the other is unchanged by
the dispersive propagation. A similar process can be followed
using (16) (neglecting higher order terms) to investigate the fre-
quency change of these two rays upon propagation through an
ideal lens. Relating the two expressions that result through the
focal dispersion, we again find that the quantity

(25)

the temporal equivalent of the LaGrange invariant, is also un-
changed by the modulation of an ideal lens and we must con-
clude that it is constant everywhere in an ideal temporal imaging
system.

The rays shown in Fig. 4 are a special case that can be in-
sightful. Ray #1, in particular, is an axial ray having an initial
input time of at the object position and is imaged at



BENNETT AND KOLNER: ABERRATIONS IN TEMPORAL IMAGING 25

Fig. 5. Temporal ray diagram of the Spectrally Resolved Up-conversion
technique [40]. Recording
 versus� gives a measure of the time lens
chirp and thus its focal dispersion� . This approach was also used measure
the input dispersion (see Section VI).

the output to . Ray #2 can be any oblique ray. Eval-
uating the temporal LaGrange invariant (25) at both the object
and image positions gives

(26)

or

(27)

We see that the magnification of the ideal system is not only
given by the ratio of the arrival time at the image to the initial
time at the object for any off-axis ray but is also given
by the reduction in frequency for the axial ray.

Other forms of the LaGrange invariant formulas are often
used as a basis for measuring aberrations. When a ray enters
a lens parallel to the lens axis, the exit angle depends on the dis-
placement of the input ray from the axis. The output acquires a
new spatial frequency corresponding to this exit angle. In spatial
lens design, coma can be tested by plotting the ratio
[39], where is the offset of the incident ray, and is the
angle the output ray makes with the optical axis. To prevent
coma, this value, which is equal to the focal distance measured
along the image ray, must be constant for all heights of the input
ray.

The time domain equivalent to this test can be performed
by scanning a time lens with an input pulse which has a
reduced bandwidth centered at , as shown in Fig. 5.
By definition, this input pulse would propagate “parallel” to
the temporal optical axis, staying at a fixed offset time while
propagating through the input dispersion. Scanning the input
time and measuring the output frequency , we should
find that the quantity is constant and equal to the
focal GDD . Any deviation indicates higher order phase
terms that produce aberrations in the system. Although not
presented in the context of time rays or temporal imaging,

the measurement technique known as “Spectrally Resolved
Up-conversion” [40] is essentially this process and was used
to characterize both the time lens and input dispersion in
our system (see Section VI).

C. Misfocus in Ideal Temporal Imaging

Configuration errors or fluctuations in the temporal imaging
system can misfocus it, producing a slightly blurred signal
even in the absence of higher order phase aberrations. Time
lens modulation is an active process, thus the focal dispersion
may change due to instabilities in the modulation process,
such as changes in the pump laser pulse of a parametric time
lens. Dispersive systems may have a different GDD at slightly
different wavelengths. If the center wavelength of the pump
or input signal drifts, their effective GDD may change. Their
GDD may also vary slightly due to thermal or mechanical
instabilities. There is always some uncertainty in the accuracy
with which system components are configured.

Consider a general time ray propagating through a temporal
imaging system as described by the expressions in Table I.
(Throughout the derivations that follow subscripts [in] and [out]
will refer to values at the input and output of the system, while

and will refer to the input and output of the
time lens.) The input ray could be depicted by any one of the
rays in the bundle around Ray #2 in Fig. 4, with its ideal path
shown in the figure. If Ray #2 originates from , it must have
a frequency in order to propagate through the
center of the lens. Any other ray in the bundle originating from

may have a frequency , where
is some frequency offset. Thus this ray is completely general in
that its input time can be adjusted by choosingand its input
frequency is adjusted by choosing . We may propagate
this ray through the temporal imaging system, allowing for a
slight misfocus by simply not imposing the imaging condition
(19) or magnification expressions (21).

At the input to the time lens, the ray time and frequency are
, and . The lens output time is un-

changed, , but it is frequency shifted to

(28)

The first term is simply the unmodified frequency that propa-
gates through the center of the time lens, such as that of Ray #2.
The second term shows that the input frequency difference
is modified. In a focused system the fractional difference be-
tween the input and focal dispersion is the reciprocal of the ideal
magnification (21). For example, a magnification of
requires which dramatically reduces
the frequency offset. This is also expected from the LaGrange
invariant (25), knowing that two rays originating from the same
input time would ideally focus to the same output time. Since
their ideal output time is magnified, their frequency difference
must be reduced by the magnification.

The frequency out of the system is unchanged from that ex-
iting the lens, , but the time of each ray will be
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shifted by the output dispersion

(29)

(30)

Consider the response of this system to an impulse at. The
first term in (29) and (30) is the ideally magnified output time.
The transmitted spectrum would be centered at
and propagate along Ray #2. The arrival time of the impulse
would be magnified by but other spectral components

might not focus to the same output time,
as determined by the error produced by the second term which
blurs the impulse response. The square bracketed term in (29)
contains two versions of the magnification (21), which if prop-
erly focused would cancel. Expressed in an alternate form, the
bracketed term in (30) is recognized as an imaging condition
(19) error.

It is important to recognize that small errors in the input or
focal dispersion can produce significant blurring for systems
with large magnification. Continuing the example
from above, if and are known to 25% then the error in
their percent difference could be50% of the difference, i.e.,

. Knowing that
and assuming the input bandwidth is approximately the same
as the time lens modulation bandwidth, for the larger
spectral components is comparable to the time lens duration or
the system’s input field of view [18]. An additional blurring at
the output on the order of half the time lens duration would
be reasonable to expect. Fine tuning capability is crucial for
getting such a system properly focused and the stability of the
time lens modulation and input dispersion are very important for
maintaining proper focus. The same is true for output and focal
dispersion errors in systems with large compression .

V. SPECTRAL AND TEMPORAL PHASE ABERRATIONS

To investigate the aberration effects of various higher order
phase terms in an imaging system, we may calculate the ray
aberration, both the spectral and temporal output errors, again
utilizing the propagation equations summarized in Table I. Ana-
lyzing each type of aberration source independently, for various
input ray conditions, will lead to a better understanding of the
significant effects each produces.

Consider a general time ray entering a focused temporal
imaging system, i.e., (19) is satisfied and thus (21) can be
applied. We will again utilize a general input ray with a time
and a frequency , depicted by one of
the rays in the bundle around Ray #2 in Fig. 4. Throughout the
remainder of this article, the perturbation from ideal time ray
propagation shown in the figure will be kept in square brackets.

A. Output Dispersive Aberrations

Assuming an ideal input dispersion and time lens modulation,
the output time from the lens and frequency from the system are
unchanged from those in Section IV.C, except that now the mag-
nification (21) may be used to simplify the expressions. That is

and

(31)

The time of each ray will be distorted by the output dispersive
aberrations

(32)

Thus, the output temporal error depends on the output frequency
(31), which is unaffected by this aberration, but which is mod-
ified by the time lens.

B. Input Dispersive Aberrations

At the input to the time lens the frequency is unchanged, i.e.,
. The arrival time at the lens, including the input

dispersive aberration, becomes

(33)

After an ideal time lens, the time of the ray is unchanged,
, but its frequency is shifted

(34)

The first two terms represent the ideal frequency out of the time
lens (31). The term in the square brackets is a perturbation in the
output frequency that results from the input dispersive temporal
error in (33).

After propagating through ideal output dispersion the ray is
shifted to a time

(35)

Thus we see that the output time is given by the ideally magni-
fied time plus a magnification of the temporal error introduced
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while propagating through the input dispersion. Unlike output
dispersive aberrations, input dispersive aberrations also distort
the spectrum because of the temporal perturbation they intro-
duce at the input to the lens.

C. Dispersive Aberration Summary

Consider what these equations show about how dispersive
aberrations affect the impulse response of a system. One might
assume that if similar technologies are used for the input and
output dispersive delay lines, the higher order spectral phase
terms would be approximately related by the system magnifi-
cation, i.e., since is required.
Comparing (32) and (35), the difference in the temporal aberra-
tion produced is determined mainly by where the frequency of
the ray is evaluated. A true impulse has an infinite bandwidth
but the finite temporal aperture of the time lens would limit
the transmitted signal to a finite bandwidth centered around

, as shown by Ray #2 in Fig. 4, or slightly shifted
in the case of input dispersive aberrations. For , the
input frequency in the input dispersive aberration case (35)
is the same as the lens output frequency for the output
dispersive aberration case (32), thus the temporal error intro-
duced to the impulse response arrival time is approximately the
same.

Blurring in the shape of the impulse response will be pro-
duced by variations in the temporal aberration over the band-
width originating from a given input time. The term
in (31) dramatically changes the transmitted bandwidth origi-
nating from . For a system with large magnification,
, the input dispersive aberrations will contribute much more

substantially to distorting the impulse response shape than will
contributions at the output because of the much broader band-
width at the input. For a system with large compression,
, these roles are exchanged because the larger bandwidth is

then at the output.
It is also important to consider that signals of common in-

terest in ultrafast optical systems may have bandwidths compa-
rable to that of the time lens modulation and thus may be more
appropriately viewed as the temporal analog to spatial beams
propagating through lens systems. A signal made up of a se-
ries of pulses at the carrier frequency, equivalent to all being
centered at , would propagate with a constant tem-
poral offset through the input GDD, analogous to beams prop-
agating parallel to the optical axis in space. In this case, input
aberrations would not significantly affect the arrival time, only
the shape of the signal as discussed above. For a system with
large magnification, the output dispersion would be expected
to primarily distort the output time of the pulse in accordance
with (32), where the central output frequency for each pulse is

. The output time versus input time is now

(36)

where is the ideal linear magnification without this aberra-
tion. The observed magnification is now curved by the
output dispersive aberrations.

Fig. 6. Modeled temporal images of a three-pulse input waveform from a
system withM = +100. The figure shows the effect of input and output
dispersive aberrations� and� .

These effects are shown in the full envelope modeling results
of Fig. 6. This model is for a DFG temporal imaging system
with magnification of , a time lens pump of 20-ps
FWHM, and linear chirp producing a focal dispersion

GHz/ps . The input test pat-
tern is three 100-fs FWHM Gaussian pulses at ,
and 8.0 ps. The aberration included is that due to with
the ratio equal to that of fused silica at m.
Clearly, including input dispersive aberrations in Fig. 6(b) dra-
matically changes the shape of the pulses while only a slight
shift in the pulse timing is observed. With only the output dis-
persive aberrations in Fig. 6(c), we see that the shapes of the
pulses are still very Gaussian but that the pulse out at the edge
of the field of view has been shifted an extra 4% from its ideal lo-
cation. Including both input and output dispersive aberrations in
Fig. 6(d) produces an accumulated effect. Fortunately the dom-
inant effect of an aberration helps identify its source and thus
can be used to improve the system.

D. Time Lens Aberrations

Now let us consider ideal input and output dispersive delay
lines with aberration introduced by a higher order time lens
phase modulation. Given a time ray with an input timeand
a frequency , the time and frequency at
the input to the time lens are and .
The time out of the lens is unchanged, , but it is
frequency shifted to

(37)
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where is used in (21) to simplify the above ex-
pression. The output frequency is the same as produced by the
lens, , but after the output dispersion the time is

(38)

We see that there is both a spectral and temporal perturbation
that depends on the arrival time of the ray at the lens and the
nonlinearity of the time lens chirp.

In an idealized case, the infinite bandwidth of an impulse
input would disperse to overfill the lens. Assuming the time
lens phase aberrations are at least small over the duration of
its transmission function , the majority of the transmitted
signal would have propagated through the lens close enough to

as to not be perturbed significantly; thus, there is very
little distortion of the impulse response arrival time. Rays prop-
agating through the outer edges of the time lens are perturbed,
producing a distortion to the shape of the response. Odd-order
temporal phase terms will produce a blurring to one side of the
image, similar to the blur produced by coma in spatial systems.
Even order terms produce a blurring that is symmetric and more
analogous to spherical aberrations in spatial systems.

The light from a short temporal feature with a finite band-
width may propagate through the time lens near one edge, sim-
ilar to how a beam could propagate in space. In this case, both
the output time and center frequency would be distorted approx-
imately as given by (37) and (38) for the pulse’s central time ray
(spectral component). The time lens pupil function and
spectral filtering effects [23] can shift the center of the trans-
mitted spectrum slightly, modifying the total effect on a pulse
from that predicted by calculations of a single ray.

Fig. 7 shows several temporal rays propagating from an ul-
trashort input pulse, through a system containing a lens with a
third-order temporal phase, and forming a distorted output tem-
poral image. The system is configured for3 magnification
and uses the same time lens as in Fig. 3. The lens has again
been shaded to visualize and the thickness of rays has
been changed to indicate relative magnitudes of each spectral
component. The output waveform was calculated using the en-
velope modeling expressions in Table I and shows a distortion
to one side consistent with the ray diagram.

E. Total System Aberrations

To first order in the resulting perturbation, the total ray
aberration of a system with multiple sources is simply the sum-
mation of the individual results. Thus, a summation of the terms
in square brackets from (32), (35), and (38) approximately
gives the total temporal aberration of a particular ray. The best
overall system performance will be achieved by designing each
component to have no aberrations, but if one aberration source
is unavoidable, introducing others to minimize this summation
over the spectral and temporal range of interest can perform
system-wide aberration minimization for a given application.

Fig. 7. A calculated ray diagram of a imaging system withM = �3 and
aberration produced by a third-order time lens phase. The effect is similar to
coma in spatial imaging systems. The input is a transform-limited 60-fs pulse.
The input rays span from�2
 (top) to2
 (bottom).

Fig. 8. System aberration minimization by combining different aberration
sources. The imaging system is the same as in Fig. 7 with the input pulse at
� = 0. The calculated output waveforms are with: (a) an ideal lens and
no other aberration sources; (b) the same third-order time lens phase� as
in Fig. 7; and (c) time lens aberration corrected by adding input dispersive
aberration� (� = 0), in accordance with (40), to minimize the cumulative
on-axis effect.

For example, consider a system with all three sources of
third-order phase, resulting in the aberrated output time

(39)

In an application where the on axis impulse response
shape is of primary importance, balancing the third-order phase
such that

(40)

would remove the temporal ray aberration at the output for all
input frequencies and improve the impulse response shape. This
can be seen in Fig. 8, where input dispersive aberration was
added ( ps , ) in accordance
with (40) to improve the on axis response of the system in Fig. 7.
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Fig. 9. Temporal imaging system configuration [31]. The dispersive delay lines are constructed with folded and multipassed grating systems. The time lens is
produced by sum-frequency generation with a chirped optical pump pulse.

Adding the dispersive aberration has removed the series of pre-
pulses generated by the time lens aberration, instead producing
a single shorter pulse and a broad pedestal.

VI. EXPERIMENTAL RESULTS

The configuration (Fig. 9) and experimental results of a
parametric temporal imaging system with 103temporal
magnification and better than 178 fs resolution (including final
recording system) have been reported [19], [20]. Recently,
more detailed measurements of this system were performed
over a longer temporal range and revealed further details of
aberrations and misfocus.

The experiment used a modelocked Ti:Sapphire laser, pro-
ducing time-bandwidth limited 87-fs ( rad/s)
pulses at a center wavelength of 830 nm as the source from
which both the input test pattern and time lens pump pulse were
generated. Since the input and pump were at the same wave-
length, an SFG time lens resulted in an output wavelength of
415 nm. Because of the peak power handling requirements of
the input and pump dispersive delay lines, the difficulty in pro-
ducing guided wave structures at a 415-nm wavelength, and the
need for adjustability, we used diffraction grating delay lines
[18] and [41].

The system was initially designed for a magnification of
and a temporal field of view [23], or record length, of ap-

proximately 5-ps FWHM. The pump GDD, the physical GDD
used to create the chirped pump, was set approximately and
then measured using Spectrally Resolved Up-conversion [40]
(see Fig. 10). Since the input pulse was initially time-band-
width limited, the focal GDD is opposite that used to create
the chirped pump . Once the pump GDD was set,
the required input and output GDDs were calculated using the

measured focal GDD and the desired magnification. The input
dispersion was repeatedly adjusted and measured (Fig. 11) until
it was 1% less than the focal dispersion, as required by (21) for

. The output dispersion was then set for its desired
value using the measured angles and grating spacing but the ac-
tual GDD was not measured. The measurements reported here
were taken at a later date, with the changes indicative of system
stability and measurement errors.

The chirped pump was generated by splitting off 50% of
the laser beam and dispersing it in a folded and multipassed
grating dispersive delay line [18]. The grating had 600 lines/mm
and was set at an incident angle of 25.0. While designing the
system, it was observed that the third-order phaseimparted
by a commercially available dielectric mirror was opposite in
sign and one-quarter the magnitude of the expected third-order
for the planned grating system. Its GDD was only 1% of that de-
sired; thus, these mirrors could be added to the grating system
and easily compensated for by adjusting the grating spacing.
They were used for the horizontal folding mirrors, which reflect
the beam a total of four times, thereby removing the expected
third-order term from the pump dispersion system. Without this
aberration correction, the third-order aberration strength (12),
evaluated at the half maximum frequency , was
expected to be around . Although
already small, an order of magnitude reduction was expected by
adding these mirrors. The measured pump dispersion (Fig. 10)
shows no sign of higher order dispersion, with the fit giving

ps ps (or %).
The other 50% of the laser beam passed through an optical

isolator and Michelson interferometer used to generate a two
pulse test pattern. The delay arms of the Michelson were
adjusted with 0.67-fs round trip resolution. The signal then
propagated through a positive dispersive delay line. It used
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Fig. 10. Spectrally Resolved Up-conversion [37] measurement of the pump
dispersion. Third-order phase of the grating system was canceled by that of four
dielectric mirror reflections. Focal dispersion is opposite that of this physical
pump dispersion� = �� .

Fig. 11. Spectrally Resolved Up-conversion [40] measurement of the input
dispersion.

a 600 lines/mm grating set at an incident angle of 23.17.
The system was folded vertically and made to have posi-
tive GDD using an off-axis telescope which consisted of a
parabolic mirror and flat mirror one focal length away [41].
A pair of metallic mirrors, normal to each other, were also
used to displace the beam vertically and send it on a second
pass through the system. The GDD of the optical isolator,
Michelson components, and grating system were treated as
one total input GDD system and measured together (Fig. 11),
resulting in ps ps (or 0.34%) and

ps ps . The relative strength
of third-order aberration (12) is .
Although very small, it is apparent in Fig. 11 only because the
measurement was made over a spectral range wider than the
full width at half maximum.

The temporal phase of the pump pulse was imparted to the
signal by mixing them in a 500m thick beta-barium borate
(BBO) crystal. The crystal was cut at 28.1and used in a non-
collinear type-I phase-matching configuration. Although angle
tuned to phase-match the carrier frequencies, the 94 fs group
delay difference between the fundamental and upconverted sig-
nals propagating through the crystal produced a slight filtering
effect at the output of the system. This effect is insignificant to

Fig. 12. Frequency out (relative to a carrier at� = 415 nm) versus input time
for one pulse.d
 =d� = �6:0244� 10 rad/s/ps.

Fig. 13. Output time versus input time for one pulse, centered at
 = 0,
scanned through the field of view. Fit gives� = 102:0� +(0:905=ps)� .

the system impulse response width but does slightly reduce the
temporal field of view [23].

The output dispersive delay line was constructed with a sim-
ilar folded and multipassed design as the pump dispersion. The
output signal, now at a center wavelength of nm, was
dispersed by a 3600 lines/mm grating. The angle of incidence
was . Although the folding mirrors were dielec-
tric, their single stack design had a dispersion insignificant in
comparison to that of the grating system and were, therefore,
ignored. The grating-to-grating path length along the beam is

cm cm (or %). The calculated output disper-
sion parameters are ps and ps ,
producing an aberration strength at the half maximum frequency
of .

The most significant aberration expected in this system was
that due to the output third-order spectral phase. While not
affecting the output spectrum or significantly changing the pulse
width, its presence in the system would produce a curved output
time versus input time. To test for this aberration, the output
spectrum and temporal image of a single input pulse (centered
at nm or ) were recorded for numerous input
times and their peak locations plotted in Figs. 12 and 13.

The measured width of the output spectrum was always 0.1
nm, limited by the resolution of the spectrometer and optical
multichannel analyzer, but its central wavelength (frequency in
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the figure) varied linearly with the input time (Fig. 12), consis-
tent with our prediction of insignificantly small time lens aber-
rations. Ignoring aperture effects, the expected output center
frequency is
rad/s/ps. The measured slope of
rad/s/ps is 6% more negative. This is because our measurements
are actually of the peak spectral locations for a superposition of
rays (spectral components) under conditions where an apodiza-
tion produced by causes preferential transmission of rays
passing through the center of the lens and thus shifts the peak
of the spectrum.

The recorded temporal images had a width of 24 ps and varied
in output time as shown in Fig. 13. This linear magnification of

is 1% less than reported earlier [19], [20]. Mea-
suring the output signal over a longer range of input times has
resolved a curvature in the magnified pulse timing. Using the
pulse’s central time ray at (or equivalently

) to predict the signal timing, the expected output time
versus input time is

(41)

including the possibility of a slight misfocus and the third-order
output aberration in (36). Fitting the measured data in Fig. 13 to
(41), using the measured focal GDD ps found
in Fig. 10 gives ps and ps .
These values are 6.7% and 10.7% greater in magnitude than
expected, respectively. The reason is the spectral pulling effect
mentioned above. Calculating a fit to the data in Fig. 13 using
the measured from Fig. 12 in place of in
(41) gives ps and ps , 0.3%
greater and 2.3% less in magnitude than expected, respectively.
The observed curvature in the magnified output time is, thus,
consistent with the expected output dispersive aberration.

The average width of the output pulses reported in [19], [20]
was 18.3-ps FWHM. Deconvolving the 12.5-ps FWHM impulse
response of the recording electronics and the fs

-ps FWHM width of an ideally magnified pulse results in
a temporal imaging system impulse response width of approx-
imately 9.89 ps, or 96 fs referred to the input. This system’s
ideal impulse response width is also 8.96 ps, or 87 fs referred to
the input, determined by its initially transform-limited Gaussian
pump pulse duration [23]. The observed 10.3% blurring is ac-
tually very good considering that the uncertainty in the mea-
surements of and were each approximately % and
the lens aperture was 5.7-ps FWHM. From the discussion at the
end of Section IV.C, we might have expected blurring as high as
60% of the aperture width, or about 38% of the ideal response
width, simply because of the uncertainty in the focus.

Although not intentionally changed, the pump and input GDD
measurements (Figs. 10 and 11) are, respectively, 0.16% and
0.66% less than what was reported earlier [19], [20]. This indi-
cates a possible 50% error in the bandwidth reduction factor in
(28), which produces a misfocus in (29). A third set of measure-
ments taken much later resulted in GDD increases of 0.03% and
0.42%. These changes are most likely due to the uncertainty of

the measurement technique (at least % from fits) and the
stability of the pump laser. A spectrometer with a 0.3-nm res-
olution monitored the laser and the center wavelength was ob-
served drifting slightly during the day. Theoretically, an uncer-
tainty in the center wavelength of nm produces an uncer-
tainty in the pump and input dispersions of %. Although
these errors are very small, they produce a significant blurring
effect. Deconvolving the impulse response of the recording elec-
tronics and the ideal temporal imaging width from the measured
24-ps signal pulses obtained here gives an imaging system im-
pulse response of 18.5-ps FWHM, approximately double the
ideal value. Clearly small changes caused the system to drift out
of focus. Blurring due to higher order phase aberrations in this
system are insignificant in comparison to the focus uncertainty.

VII. CONCLUSION

Ideal temporal imaging components must impart a quadratic
phase, either spectrally for the dispersive delay lines, or tempo-
rally for the time lens modulation. The departure of any realistic
component’s phase from this idealized form will introduce aber-
rations in the system, the results of which vary depending on the
system configuration, the type of aberration, and its location in
the system. Aberrations were studied theoretically using both
full envelope modeling and the propagation of “time rays.” We
have shown that the ray approach is a simple way to describe the
space–time flow of energy in these systems and a useful tool for
investigating the results of aberrations. Aberrations were mea-
sured in an experimental system and found to agree well with
theory. Like its spatial counterpart, the study of aberrations in
temporal imaging systems is a rich field, critical to development
of real instrumentation. The work presented here should serve
as a foundation on which further analysis is performed.

Constructing an imaging system with ultrafast resolution and
large magnification or compression
requires an active modulation process configured such that the
magnitude of its focal dispersion is a very small and precise dif-
ference from that of either the input or output dispersion. We
have found that setting and maintaining the proper focus is a
challenging task. It requires highly precise measurement tech-
niques and very stable components.
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